We report here the computation and measurement of inelastic light scattering from acoustic vibrational modes in single-walled carbon nanotubes ͑SWNT's͒. The measurement was made possible by the preparation of a sample of oriented SWNT's, partially aligned by means of a magnetic field. Long-wavelength confined longitudinal acoustic modes are described by a shell model. Their interaction with light is described by a surface elasto-optic effect. From the dispersion relations of acoustic modes we obtain an estimate of the two-dimensional Young's modulus of the single curved graphenic plane forming the SWNT. The result is consistent with the reported SWNT elastic properties. DOI: 10.1103/PhysRevB.67.155407 PACS number͑s͒: 78.30.Na, 62.30.ϩd Single-walled carbon nanotubes ͑SWNT's͒ are formed by warping a single graphitic layer to form a seamless cylindrical object.
Single-walled carbon nanotubes ͑SWNT's͒ are formed by warping a single graphitic layer to form a seamless cylindrical object.
1,2 Recently, among a number of different peculiar properties shown by SWNT's, their vibrational properties have been the object of a great interest. [3] [4] [5] [6] [7] [8] In particular, several works have been published about the computation, measurement, and interpretation of their Raman spectrum, i.e., scattering from optical vibrational modes ͑see Ref. 1 and references therein͒. Acoustic modes have been calculated both by ab initio calculations ͑lattice dynamics, e.g. 3 ͒ and by continuum models. 4 Anyway, they have been measured only indirectly, and at rather high frequencies ͑hundreds of cm Ϫ1 ), via observation of second-order Raman scattering by a combination of transverse optical and longitudinal acoustic modes. 5 Acoustic vibrational properties are strictly related to elastic properties, and the expected very high strength-toweight ratio of SWNT's has stimulated an enormous interest in view of applications as reinforcement fibers in composite materials, high-strength cables, actuators, etc.
1,7,9,10 The elastic properties of SWNT's ͑e.g., Young's modulus͒ have been estimated by observing their bending with atomic force microscopy 11 ͑AFM͒ or their freestanding room-temperature bending vibrations with transmission electron microscopy 6, 10 ͑TEM͒. With these methods problems arise from the lack of precision in determining the SWNT diameter, length, temperature, and vibrational frequency, 6 and the tendency of SWNT to form bundles complicates the analysis. A Young's modulus of the order of Eϭ1.25 TPa was found, even though, in the vibrating rod model, this quantity is related to a ill-defined quantity, the thickness of the tube walls. Moreover, different theoretical approaches have been proposed to model a SWNT with an elastic continuum model, 4, 6 or by ab initio calculations, 3, 7, 8 and the predicted Young's moduli are scattered over a large interval. It is still matter of speculation whether the curvature modifies the original properties of the graphene sheet, 6, [12] [13] [14] [15] since the Young's modulus of SWNT's appears to be systematically higher than the in-plane elastic modulus of graphite, and no precise comparison could be made between SWNT's and multiwalled NT's ͑MWNT's͒ ͑see, e.g., Refs. 16 and 17͒. The higher value of their Young's modulus could be attributed to an increased strength due to the wrapping 6 ͓stiffening of the graphite sheets is predicted for a radius lower than 0.5 nm ͑Ref. 18͔͒.
In this paper we present the measurement by inelastic light scattering of longitudinal confined acoustic modes in aligned SWNT's ͑with a wavelength of the order of hundreds of nm and frequency below 100 GHz͒, whose dispersion relations depend on the two-dimensional ͑2D͒ elastic constants of the tube walls, that is, of a single warped graphite sheet. This is a dynamical measurement, in contrast with AFM ͑static͒ and TEM ͑dynamical, flexural modes at lower frequencies͒. So far no direct dynamic measurement of these modes has been reported, even though theoretical calculations have been attempted. We also present a simple model for the calculation of the scattered intensity.
SWNT's have been produced by the laser-oven method, 19 purified, 20 and then assembled and aligned by means of a strong magnetic field ͑25 T͒, as explained in detail in Refs. 21 and 22. The analyzed sample is a free-standing film of pure SWNT's aligned in the plane of the film along the applied field direction. Tubes are present in bundles or ropes ͑100-1000 tubes͒, with a preferential orientation ͑it is reported that 90% of the tubes are aligned within Ϯ17°around the field direction͒. 21 A sample with nonoriented nanotubes was also prepared for reference purposes.
Sample morphology and alignment were characterized by AFM. Figure 1 shows an AFM picture of the aligned SWNT sample, showing the preferential orientation. The typical length ͑or free vibrational length͒ ranges from a few hundreds nm to more than 1 m. An AFM image of the randomly oriented tubes is also reported, showing the complete lack of orientation. Figure 1 also shows that in the nonaligned sample SWNT's are still grouped in bundles, but with complete random orientation. The SWNT diameter has been evaluated to be in the range 12-14 Å by measuring the frequency of the breathing radial mode at about 170-180 cm Ϫ1 in the Raman spectrum; the frequency of this mode is inversely proportional to the radius of the tube. In the scattering experiments here reported the excitation was from an Ar ϩ laser ( 0 ϭ514.5 nm, power 40 mW͒. Scattered light was collected in backscattering at different incidence angles ( i ϭ30°,50°,70°), in order to vary the scattered wave vector, and analyzed by a Sandercock 3ϩ3 multipass tandem interferometer, in the range 1-300 GHz. In Fig. 1 we show the scattering geometry, with the relative orientation of the scattering plane, the sample surface plane, and the nanotube direction. ␣ is the angle between the nanotube direction xЈ and the scattering plane xz ͑determined by the scattering wave vector Qϭk s Ϫk i and the normal ͑z axis͒ n to the sample surface͒; i is the angle between the laser light (k i ) and n; ␤ is the angle formed by the nanotube direction (u t , xЈ axis) and k i . The relationship cos ␤ ϭsin i cos ␣ holds. In our experiment we explored the ␣ ϭ0°and the ␣ϭ90°directions ͑scattering plane parallel and perpendicular to the nanotube direction, respectively͒. The incident light was always polarized in the scattering plane, but no polarization analysis of the scattered light was performed. Figure 2͑a͒ shows the light scattering spectrum of the oriented SWNT film at an incidence angle i ϭ70°, with the scattering plane parallel to the nominal direction of the nanotubes (␣ϭ0°). A broad peak is present, centered at about 45 GHz. At different incidence angles ( i ϭ30°,50°), a similar feature is detected, though with lower intensity. The shape and position of the peak seem to be independent of the incidence angle. When the sample is rotated by 90°, so that the scattering plane is perpendicular to the SWNT direction (␣ ϭ90°), the above-mentioned feature disappears ͓Fig. 2͑a͔͒. 
FIG. 2. ͑a͒
Inelastic light scattering spectra from the oriented SWNT samples for two different incident angles ( i ϭ30°and i ϭ70°) along the tube direction (␣ϭ0°) and perpendicularly to the tube direction (␣ϭ90°). ͑b͒ Inelastic light scattering spectrum from a nonoriented SWNT sample ( i ϭ50°). Figure 2͑b͒ shows the spectrum for the randomly oriented nanotube film, for i ϭ50°. A very broad feature, whose maximum is located at about 40 GHz, is clearly visible. This feature does not change as the sample is rotated by 90°, showing the in-plane isotropy of this kind of material.
The peak frequency and width and AFM characterization suggest that the oriented SWNT film cannot be considered as a homogeneous effective medium for light scattering measurements, since it contains inhomogeneities at the scale of the laser wavelength 0 . Moreover, the absence of scattering for ␣ϭ90°confirms that the tubes are essentially independent and that, at least at the scale of 0 , the film is not an effective medium where acoustic waves can propagate in all directions. Nevertheless, the interaction between adjacent nanotubes in a bundle probably plays some role and makes the theoretical description in terms of an isolated cylindrical shell ͑see below͒ only a first approximation to the problem of acoustic phonon propagation in this kind of material.
Depending on tube length L compared to 0 , the inelastic photon scattering from the acoustic excitations of a nanotube can be a new type of coherent line Brillouin scattering ͑when Lӷ 0 and acoustic excitations are traveling waves͒ or an incoherent inelastic scattering by confined acoustic phonons ͑when L is comparable to 0 ). The frequencies of confined modes typically lie in the range 0-10 cm Ϫ1 ϵ0 -300 GHz. 26 The computation of the scattering intensity 23 is conducted in the same way in the two cases. We go beyond the rod approximation and we model the SWNT as an elastic cylindrical surface in the membrane approximation, i.e., as a 2D elastic object. 24, 25 This 2D model allows only dynamic 2D stress conditions and the nanotube elastic constants have the dimensions of force per unit length. Though the membrane approximation would be inadequate to describe strong bending modes, it is precise enough to compute those normal modes along the tube axis which have a frequency in the range 1-300 GHz and are thermally excited. These modes are the only ones responsible for the scattering here described. We assume that a surface elasto-optic effect couples the light to the tube thermal phononic strains which are then expanded in normal coordinates. This coupling produces a fluctuating surface polarization density that radiates the Stokes and anti-Stokes scattered photons. The computation has been carried out for the backscattering geometry illustrated in Fig. 1 .
The elasto-optic coupling 23 can be described by introducing the fluctuating part of the 2D dielectric susceptibility of the nanotube surface, the tensor ␦ whose three independent components ͑by symmetry arguments similar to those used for determining the strain tensor͒ are related to membrane displacements in cylindrical coordinates xЈ,r, by the equations
where u x Ј ,u , and u r are the longitudinal, radial, and tangential displacement, respectively, R is the tube radius, and K and are the components of the 2D elasto-optic tensor K ͑having the same symmetry of the elastic constant tensor which, in turn, has only two independent components for a sixfold symmetry surface͒. Assuming traveling waves (W represents the normal coordinate and q ʈ the wave vector͒,
and using the elastodynamic equations of a cylindrical membrane we find the dimensionless eigenfrequencies of index m (E 2D is the 2D surface Young's modulus, 2D is the surface density, and is the Poisson's ratio͒:
where j is a branch index. In Fig. 3 we show, for clarity, the typical dispersion relation for the acoustic longitudinal and torsional modes in the range of experimentally interesting values of q ʈ , for mϭ0 ͑where we assumed Lϭ1 m, 2D ϭ7.6ϫ10 Ϫ7 kg/m 2 , ϭ0.2, Rϭ6ϫ10 Ϫ10 m, and E 2D ϭ110 N/m; see below͒. For an infinitely long tube the above traveling waves are the appropriate solution; for tubes of finite length L the proper boundary conditions affect the form of the solution and the corresponding frequencies, unless L ӷ2/q ʈ .
In our case, since (R/ 0 )Ӷ1, the computation of the intensity of the light scattered from a single tube reduces to 23 
I͑ ͒Ϸ
where the contribution of each normal mode I m,q ͉͉ , j is given by
with dSϭRddx Ј and Q ʈ ϭ͑4/ 0 ͒cos ␤ϭ͑4/ 0 ͒sin i cos ␣ ͑component of the scattered wave vector parallel to the tube direction; in backscattering Qϭk s Ϫk i ϭϪ2k i ); e S and e I are the polarization vectors of the scattered and incident light, respectively. An analysis of the above equations shows that only the longitudinal modes with mϭ0 contribute to inelastic scattering with nonvanishing intensity, provided Q ʈ 0: the longitudinal component of the transferred wave vector must be non vanishing, i.e., ␣ 90°. In this case the scattered light remains polarized, and in the infinite tube length limit (Lӷ 0 ) the above equation gives
In this case the scattering would be a coherent line Brillouin scattering and only one longitudinal wave (determined by the selected value of q ʈ ) would contribute to the measured spectrum. The cross section is significant only if the parallel wave vector is conserved (Q ʈ ϭq ʈ ), and this conservation produces a strong dependence of the peak position on the incident angle i ͑dispersion of the modes͒. Instead, in our measurements, the i dependence of the peak position turns out to be negligible. This is easily interpreted if we take into account that the free mean SWNT length in the samples is of the order of 1 m or less (LϷ 0 ), and the tubes cannot be considered as infinite with respect to the propagation of the modes selected by our technique ͑whose wavelength is ϭ 0 /2 cos ␤). Assuming clamped end boundary conditions, as suggested by AFM images, all longitudinal modes with mϭ0 ͑stationary and not traveling waves in this case͒ turn out to contribute to scattering, due to confinement effects when LϷ 0 . The name usually given to this kind of scattering is low-frequency Raman scattering ͑from confined modes, e.g., in the case of scattering from vibrational eigenmodes of small spheres; see Ref.
26͒. This is the case of the inelastic scattering here reported. We must here say that when ␣ϭ90°, i.e., when the scattering plane is perpendicular to the tube axis orientation, also an antenna effect ͑i.e., absorption and emission of light preferentially for light polarized along the nanotube axis, as reported in Ref. 27͒ could be responsible for the nonobservation of scattered intensity ͓in addition to the fact that the exchanged wave vector is perpendicular to the longitudinal wave vector; i.e., Q ʈ and thus the phase factor are null in Eq. ͑5͔͒. This effect cannot be excluded since for ␣ϭ90°the light is polarized perpendicularly to the tube axis, and the absorption and emission of light would be suppressed due to the antenna effect. A more detailed model for the description of the vibrational dynamics is the Donnel theory ͑see Refs. 24 and 25͒ applied to a thin shell ͑thickness hӶR), which considers the finite length L of the tube and takes into account shear forces and torques not belonging to the shell surface. Imposing clamped ends boundary conditions (u x Ј ϭu ϭu r ϭdu x Ј /dxЈϭ0), the normal modes can be written as ͑3͒ and numerically computed. The dielectric susceptibility tensor still has the same symmetry as the strain tensor; in the Donnell theory further terms must be considered in addition to those contained in Eq. ͑1͒. The cross section ͓Eq. ͑5͔͒ can be numerically computed. It is found again that only longitudinal modes with mϭ0 contribute to scattering, provided Q ͉͉ 0. Longitudinal modes with different values of n contribute to the scattered intensity with relative weights given by the above-mentioned computation. We assumed 2D ϭ7.6ϫ10 Ϫ7 kg/m 2 ͑the surface density in SWNT's is assumed to be the same as in 
graphite͒, Rϭ6ϫ10
Ϫ10 m ͑as obtained by Raman measurements͒, and ϭ0.2. 7 The dispersion relation of the longitudinal modes turns out to depend only very weakly on . Spectra corresponding to different tube lengths (0.5-1.5 m) have then been convoluted. The 2D Young's modulus being the only unknown, its value can be estimated to be the one that best reproduces the measured frequency position of the scattering features. A feature with a shape similar to that observed is obtained, independent of the scattering angle ͑see Fig. 3͒ . In the experiment, the broadening of the peak is due to many reasons: finite length distribution, orientation angle distribution, interaction between tubes, real boundary conditions. The best correspondence between the computed and the measured peak positions is obtained for E 2D ϭ110 N/m. This value is of the same order of magnitude of the C-C atomic force constant computed for a graphite plane. 28 Very roughly, if one considers the thickness of a graphite layer ͑assumed to be of the order of 1 Å͒, this corresponds to a Young's modulus for an ideal isolated graphitic plane of the order of 1 TPa.
In conclusion we showed the possibility of measuring dynamic light scattering from longitudinal acoustic modes in aligned SWNT's, with a wavelength of the order of hundreds of nm, and we gave a satisfactory model for the description of the phenomenon and for the calculation of the scattering intensity via a shell model and a surface elasto-optic effect coupling the incident light to the tube thermal strains. The measurement was made possible by the preparation of a sample of pure oriented and almost noninteracting SWNT's. Raman scattering from optical vibrational modes is widely investigated, but so far acoustic modes had only been studied theoretically. The presented measurement allows the estimate of the in-plane elastic properties ͑2D Young's modulus͒ of the tube walls, and thus of a curved graphitic sheet, in agreement with reported computations; with samples possessing a more defined geometry, the proposed method would in principle allow a more precise measurement of SWNT elastic constants. In the case of SWNT's the 2D Young's modulus is the only unambiguously defined elastic property of the material constituting the tube. In fact in the rod model, previously used in the literature, the 3D Young's modulus is an effective elastic property embodying uncertain geometrical parameters. In the material here studied, formed by aligned SWNT bundles, only vibrational modes propagating along the tubes were detected ͑and not modes traveling perpendicularly to the tube direction͒, thus confirming that the lateral cohesion between tubes is poor and that the high strength of the material is highly anisotropic. This limitation must be taken into account when considering these structures for mechanical applications as reinforcing high-performance fibers.
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